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We have performed high-precision calculations of the hyperfine structure for n 2S1/2 and n
2P1/2
states of the alkali-metal atoms Rb, Cs, and Fr across principal quantum number n, and studied the
trend in the size of the correlations. Our calculations were performed in the all-orders correlation
potential method. We demonstrate that the relative correlation corrections fall off quickly with n
and tend towards constant and non-zero values for highly-excited states. This trend is supported
by experiment, and we utilize the smooth dependence on n to make high-accuracy predictions of
the hyperfine constants, with uncertainties to within 0.1% for most states of Rb and Cs.
I. INTRODUCTION
The hyperfine structure lies at the interface of atomic
and nuclear physics, sensitive both to properties of the
nucleus and to the electronic wave functions in the nu-
clear region [1]. By comparing measured and calculated
values of the hyperfine structure, information about nu-
clear and atomic structure may be deduced. Such hyper-
fine comparisons play an important role in atomic parity
violation (APV) studies [2, 3], by contributing to the un-
derstanding of the modeling of atomic wave functions and
to the assignment of the error in the theoretical value for
the APV amplitude. Atomic parity violation studies pro-
vide a sensitive and unique probe of possible new physics
beyond the Standard Model, including providing a win-
dow into a possible dark sector [3].
Much of the focus on the hyperfine structure related to
studies of atomic parity violation has been for the ground
and low-lying states [4, 5]. In the current work, we ex-
plore the behavior of the hyperfine structure across prin-
cipal quantum number n to n = 18 for heavy alkali-metal
atoms. We are interested, particularly, in the contribu-
tion of the correlation corrections, that is, what remains
beyond the mean-field result. We study the corrections
to the states n 2S1/2 and n
2P1/2 – which we refer to sim-
ply as ns and np1/2 – for neutral alkali-metal atoms of
interest for APV studies, Rb [6], Cs [7], and Fr [8].
The motivation to study the hyperfine structure for
high states of heavy alkali-metal atoms comes from
the recent works [9, 10], where it was found that: (i)
the uncertainties in calculations of the hyperfine struc-
ture associated with nuclear properties are significant
and hinder the extraction of information about the
electronic wave functions in hyperfine comparisons [9],
and; (ii) the reliance on explicit information about nu-
clear properties may be removed by constructing a ra-
tio from experimentally- and theoretically-deduced hy-
perfine structure for states with high n [10]. Improving
our modelling of the hyperfine structure for high states is
critical for removing the crippling dependence on nuclear
uncertainties and for accurately probing the electronic
wave functions in the nuclear region through the ratio
method [10].
The usual starting point for accurate calculations of
the hyperfine structure for heavy atoms is the relativis-
tic Hartree-Fock approximation. The many-body cor-
rections are often divided into a part arising from the
distortion of the atomic core due to the external field
(magnetic hyperfine interaction), referred to as core po-
larization, and the remaining part that we refer to as
the correlation correction. For the alkali-metal atoms,
with a single valence electron above closed shells, this
correlation correction is dominated by the effect of the
polarization of the atomic core by the Coulomb field of
the valence electron.
There have been several studies of the trends in the
core polarization and correlation corrections to the hy-
perfine structure in heavy alkali-metal atoms – for the
ground states across nuclear charge Z [11, 12] and for
s, p, and d states across principal quantum number n
[13–18]. In the latter works, the levelling of the relative
core polarization corrections and the falling of the rela-
tive correlation corrections with increase in n has been
noted. However, only the lowest few states were consid-
ered in these works, with ∆n = 2 − 6, and most of the
studies were limited to s states.
In the recent work [10], the hyperfine structure for s
states was evaluated for Cs, Fr, Ba+, and Ra+ up to
n = 16, and the relative correlation corrections were
shown to fall off quickly and approach constant and non-
zero values for high n. In the current work, we explore
this curious behavior in more detail, and we extend the
previous studies by investigating the trend in relative core
polarization and correlation corrections for both s and
p1/2 states for Rb, Cs, and Fr up to n = 18. We deduce
relative correlation corrections from measured values for
the hyperfine constants, and we demonstrate that these
values agree well with our theoretical results.
Further, the existence of the trend in relative corre-
lation corrections allows us to make very accurate pre-
dictions of the hyperfine constants for excited states, by
combining theoretical calculations for the excited states
with measurements from lower ones. We do this for the
s and p1/2 states of Rb and Cs up to n = 17, and of Fr
up to n = 12. For most states of Rb and Cs, we believe
these results are accurate to about 0.1% or better. As
2a test, we also make predictions in the same way for ex-
cited states where experiments have been performed, and
find excellent agreement between our predictions and the
measured hyperfine constants (0.03− 0.05% deviation).
This paper is organized as follows. In Section II we
present the basic theory for the hyperfine structure and
provide further details for motivating the study of the
correlation corrections for high states. In Section III,
the contribution of the core polarization to the hyperfine
structure is evaluated, and it is shown that the relative
correction is (very nearly) constant across principal quan-
tum number for s and p1/2 states. In Section IV, we de-
scribe the all-orders correlation potential method, and in
Section V results for the relative correlation corrections
across n are obtained. The trends in the relative correla-
tion corrections are shown to be supported by measure-
ments of the hyperfine structure. Finally, in Section VI,
we utilize the correlation trends to make high-accuracy
predictions for the hyperfine constants. Concluding re-
marks are presented in Section VII.
II. HYPERFINE STRUCTURE
The interaction between the magnetic dipole moment
of the nucleus and the magnetic field from unpaired elec-
trons in the atom produces small splittings in the elec-
tronic spectra of the levels referred to as the hyperfine
structure. The relativistic operator for the magnetic hy-
perfine interaction is
hhfs = cα ·A =
1
c
µ · (r ×α)
r3
F (r) , (1)
where α is a Dirac matrix, A is the nuclear vector po-
tential, µ = µI/I is the nuclear magnetic moment, and
I is the nuclear spin. F (r) describes the nuclear magne-
tization distribution and F (r) = 1 for a point-nucleus.
We use atomic units throughout, |e| = me = ~ = 4πǫ0 =
1, c = 1/α, unless otherwise stated.
The magnetic hyperfine structure (HFS) is often quan-
tified by the hyperfine A constant, which may be ex-
pressed in lowest order as
Anκ = −
α2
mp
gIκ
J(J + 1)
∫
∞
0
dr f(r)g(r)/r2 , (2)
where n is the principal quantum number, κ is the
relativistic angular momentum quantum number, with
κ = −1, 1,−2, ... for s, p1/2, p3/2, ..., etc., J is the elec-
tronic angular momentum, mp is the proton mass, and
gI = µ/(µNI) is the nuclear g-factor. Here, f and g
are the upper and lower radial components of the single-
particle Dirac orbitals
ϕnκm(r) =
1
r
(
fnκ(r)Ωκm(rˆ)
iαgnκ(r)Ω−κm(rˆ)
)
,
(Ω is a spherical spinor) which satisfy the relativistic
Hartree-Fock (RHF) equations(
cα · p+ (β − 1)c2 + Vnuc(r) + VHF
)
ϕ = ǫϕ , (3)
where β is a Dirac matrix, and VHF and Vnuc are the
Hartree-Fock and nuclear potentials, respectively. See,
e.g., Ref. [19] for detailed expressions for VHF. We use
the Fermi distribution to form the nuclear potential, with
the thickness parameter corresponding to the 90%–10%
density fall-off set to 2.3 fm, and the half-density radius
found from the root-mean-square charge radii tabulated
in Ref. [20].
An accurate theoretical description of the hyper-
fine structure goes beyond the expression presented in
Eq. (2). The largest corrections are due to many-body
effects, and to reach an accuracy within ∼ 1% or ∼
0.1%, finite-nucleus magnetization and quantum electro-
dynamic (QED) radiative corrections must be included.
In the recent paper [10], the following parametrization
for the hyperfine constant was introduced,
Anκ = A
MB
nκ
µ
µN
(
1 +
α
π
FBWnκ +
α
π
FQEDnκ
)
, (4)
which conveniently factors out the nuclear and QED ra-
diative corrections. We will adopt the same parametriza-
tion in this work. The first term on the right-hand-side
AMBnκ corresponds to an electronic many-body value found
with µ = µN , point-nucleus magnetization (F (r) = 1),
and no QED corrections. FBWnκ is the relative Bohr-
Weisskopf correction originating from the finite magneti-
zation distribution of the nucleus and FQEDnκ is the rela-
tive QED radiative correction. Note that AMBnκ contains
the nuclear spin I, from the nuclear g-factor gI – see
Eq. (2) – and so may be different for different isotopes.
The QED radiative corrections to the hyperfine struc-
ture for low-lying states of heavy atoms were rigorously
evaluated in [9, 21–23], and for s states across principal
quantum number in [10]. A detailed study of the Bohr-
Weisskopf effect in different nuclear models was carried
out recently for heavy atoms [9], and across principal
quantum number in Ref. [10]. In the current work, where
Bohr-Weisskopf contributions are required, we use the re-
sults of Refs. [9, 10] found in the nuclear single-particle
model (see, e.g., Ref. [24]).
In Ref. [10], it was demonstrated theoretically that the
relative Bohr-Weisskopf and QED radiative corrections,
FBWnκ and F
QED
nκ , are independent of principal quantum
number n to high accuracy for s and p states for heavy
atoms of interest for APV studies [10]. And indeed, the
n-independence of the Bohr-Weisskopf effect has been ex-
perimentally demonstrated across n = 5 − 7 for Rb [25].
What this means is that the nuclear and QED terms
that appear as a factor in Eq. (4) are the same for all n,
and that they may be determined from a ratio of mea-
sured and calculated values for the hyperfine structure,
Aexpn′κ/A
MB
n′κ [10]. This may be readily seen from Eq. (4)
by considering the equation for two principal quantum
numbers n and n′, and setting the total hyperfine con-
stant for the state n′κ to the measured value Aexpn′κ when
all effects are included correctly.
Remarkably, removing the explicit dependence on nu-
clear structure makes it possible to probe the elec-
3tronic wave functions in the nuclear region with greatly-
improved sensitivity (potentially testing the many-body
theory at the level of 0.1% or better) compared to what
could be possible from a direct hyperfine comparison. For
example, the nuclear magnetic moment alone for isotopes
of Fr has an uncertainty ∼ 1%, limiting this compar-
ison. Note that the preference to determine the ratio
described above for the highly excited states comes from
the observation that the relative correlation corrections
are significantly smaller for the higher states compared
to the ground or low-lying states, as we will see in more
detail later. Because it is expected that the uncertainty
in the many-body calculation of AMBnκ is related to the
size of the correlation correction, then it is anticipated
that higher accuracy may be achieved for the high-lying
states compared to the lower ones. This motivates our
study of the hyperfine constant across principal quantum
number, as we strive to better understand and evaluate
it.
The subject of the current work relates to the many-
body term AMBnκ , and in particular, the trends arising
from contributions beyond the RHF approximation. The
electronic term may be approximated by
AMBnκ ≈ A
HF
nκ (1 + F
δV
nκ )(1 + F
Σ
nκ), (5)
where AHFnκ is the result at the relativistic Hartree-Fock
level of approximation, F δVnκ is a relative correction aris-
ing due to polarization of the atomic core by the hy-
perfine field, and FΣnκ is the relative correction arising
from valence-core electron correlations. In the follow-
ing sections we study the relative core polarization and
correlation corrections across principal quantum number
n. We will see that the core polarization correction is
(nearly) independent of principal quantum number, and
that the relative correlation corrections drop quickly and
approach a constant value for high n.
III. CORE POLARIZATION
One of the dominant many-body corrections to the hy-
perfine structure arises due to polarization of the atomic
core by the hyperfine field – core-polarization. We in-
clude this in our calculations using the time-dependent
Hartree-Fock method, which is equivalent to the random
phase approximation (RPA) with exchange. Effectively,
it modifies the hyperfine operator, such that [26]
hhfs → hhfs + δVhfs . (6)
Only the exchange term contributes to the core polar-
ization for the magnetic hyperfine structure, and so it
is sometimes referred to as the “exchange core polariza-
tion”.
To calculate δVhfs, we use the time-dependent Hartree-
Fock (TDHF) method, in which the single-particle or-
bitals are expressed
ϕ = ϕ(0) + δϕ, (7)
 18
 20
 22
 24
 26
 28
 6  8  10  12  14  16  18
Fδ
V
n
RPA corrections (%) to HFS for s1/2 and p1/2 states
Rb p1/2Rb s1/2
Cs p1/2Cs s1/2
Fr p1/2Fr s1/2
FIG. 1. The relative core polarization (RPA) correction F δV
in % for s1/2 and p1/2 states of Rb, Cs, and Fr.
where ϕ(0) is the unperturbed orbital, and δϕ is the cor-
rection due hyperfine interaction. Then, the set of TDHF
equations
(hHF − εc)δϕc = −(hhfs + δVhfs − δεc)ϕ
(0)
c (8)
is solved self-consistently for all the core orbitals.
Here, the index c denotes a state in the core, δε =
〈ϕ
(0)
c |hhfs + δVhfs|ϕ
(0)
c 〉 is the correction to the energy for
the core orbital c, and hHF is the single-particle Hamil-
tonian operator on the left-hand side of Eq. (3).
In Fig. 1 we plot the relative core polarization correc-
tions (F δV ) as a function of n for s1/2 and p1/2 states
of Rb, Cs, and Fr. The correction F δV is defined as
〈ϕ|δVhfs|ϕ〉/〈ϕ|hhfs|ϕ〉, found from the ratio of the hy-
perfine constant with core polarization included to that
without. We observe the following trends: (i) the rela-
tive core polarization corrections are constant for higher
states; (ii) the corrections decrease with increasing Z.
These observations are in agreement with previous stud-
ies. For example, the first point has been noted in
Refs. [13–15] where the first few s states of K, Rb, and
Fr were considered, and the second point has been noted
in Refs. [11, 12].
In the current work we extend previous studies by go-
ing to higher n, and by studying the trend for the p1/2
states. The relative core polarization corrections decrease
slightly with increase in n for the lowest-lying levels, and
they approach constant values as n is further increased.
For s1/2 states, they level out at 21%, 20%, and 18% for
Rb, Cs, and Fr, respectively. The relative core polar-
ization corrections for p1/2 states are significantly larger
than for s1/2 states, and they approach 25%, 24%, and
22% for Rb, Cs, and Fr.
4IV. CORRELATION POTENTIAL METHOD
We use the correlation potential method [26] to in-
clude valence-core electron correlations. In this method,
a correlation potential Σ(ri, rj , ǫ) is added to the RHF
equations (Eq. (3)), and new orbitals ϕBr (Brueckner or-
bitals) and Brueckner energies are obtained for the va-
lence states. The correlation potential is defined such
that the average value of the second-order correlation
potential corresponds to the second-order correlation cor-
rection to the energy. Diagrams are presented in Fig. 2.
(1)
(3)
(2)
(4)
FIG. 2. Goldstone diagrams for the second-order correlation
corrections to the energy, where (1) and (3) are direct terms,
and (2) and (4) are exchange terms. Solid forward lines corre-
spond to electron lines, backward lines to holes, dashed lines
to Coulomb lines.
We use the Feynman diagram technique to include
higher-order correlations, and a fitting procedure is used
to approximate the inclusion of missed diagrams. Calcu-
lation of the hyperfine constant with valence-core correla-
tions included, along with core polarization, corresponds
to evaluation of the matrix element
〈ϕBr|hhfs + δVhfs|ϕBr〉 . (9)
In the following sections we describe how higher orders
are included in the potential.
A. Higher orders
The Feynman diagram technique is used to re-express
the Goldstone diagrams in Fig. 2. Then it is relatively
straight-forward to include certain classes of diagrams to
all-orders in the Coulomb interaction. We do this using
the method developed in Ref. [27]; we refer the reader to
that work for the relevant equations. The most important
class of diagrams corresponds to electron-electron screen-
ing of the Coulomb interaction, represented in Fig. 3.
Another class of diagrams – hole-particle interaction – is
included through dressed hole-particle loops, as depicted
in Fig. 4. All-orders electron-electron screening and the
hole-particle interaction are included in the Feynman di-
agram for the direct terms, as shown in Fig. 5.
++ +...=
FIG. 3. All-orders electron-electron screening of the Coulomb
interaction, corresponding to a series of hole-particle loops,
producing a dressed Coulomb line.
+ +...= +
FIG. 4. All-orders summation of hole-particle interaction,
forming a dressed polarization loop.
Exchange diagrams are usually considered to be small
in comparison to direct diagrams (see, e.g., Ref. [28]),
and a simpler approach is used. The exchange part of
the correlation potential is evaluated in the second or-
der. This calculation involves a sum over a complete set
of states in the internal lines, and to discretize the states
in this sum, we introduce a cavity of radius 40 aB and di-
agonalize the relativistic Hartree-Fock Hamiltonian on a
set of 40 splines of order k = 9 [19]. Higher order correla-
tions are accounted for by using multipolarity-dependent
screening factors fk, where k is the multipolarity of the
Coulomb interaction. These rescale the Coulomb inte-
grals gk that correspond to the Coulomb lines in the
exchange diagrams (2) and (4) of Fig. 2 as fkgk. The
screening factors fk are found from the ratio [28]
fk = 〈v|Σ
∞,ee
dir,k |v〉/〈v|Σ
(2)
dir,k|v〉, (10)
where Σ∞,eedir,k and Σ
(2)
dir,k refer to the direct parts of the
all-order and second-order correlation potentials, respec-
tively. These factors include only the dominant electron-
electron screening correction.
To improve the accuracy of our calculations further,
we multiply the correlation potential by a fitting factor
which is tuned to reproduce the experimental binding
energies. Beyond the higher-order corrections that may
be absorbed into a correlation potential, there are other
small corrections (at the level of 1% or less). This in-
cludes so-called structural radiation and normalization
of states [26]. These are taken into account in this work.
We also include the Breit correction, accounting for
retardation and magnetic effects. The effective Breit
Hamiltonian,
hB(r1, r2) =
−1
2r12
(
α1 · α2 +
(α1 · r12)(α2 · r12)
r212
)
,
(11)
FIG. 5. Feynman diagram for the direct, all-orders correction
to the energy. Note that in the lowest order, this diagram is
equivalent to the sum of Goldstone diagrams (1) and (3) of
Fig. 2.
5where r12 = r1 − r2, is included in the Hartree-Fock
equations self-consistently at the RHF and RPA levels.
V. CORRELATION CORRECTIONS ACROSS
PRINCIPAL QUANTUM NUMBER
In our previous work [10] we observed that the relative
correlation corrections for s states of Cs, Fr, Ba+, and
Ra+ tend towards constant and non-zero values for high
n. We define the relative correlation correction FΣ as
FΣ = (A−ARPA)/ARPA , (12)
where A is the total hyperfine constant and ARPA is the
result of our calculation at the RPA level, including Bohr-
Weisskopf and QED corrections using Eq. (4). The rel-
ative correlation correction describes the correlations in-
cluded beyond the mean field approximation. Note that
in the theoretical evaluation of FΣ any dependence on
nuclear properties and QED radiative corrections in A
and ARPA factors out, as long as these corrections are
treated in the same way. It’s also possible to find ex-
perimental values for the relative correlation corrections,
as done below, using measured values for the hyperfine
constants A in Eq. (12).
A. Theory
The results of our many-body calculations for the rela-
tive correlation corrections to the hyperfine structure for
Rb, Cs, and Fr are presented in Fig. 6 for s states across
principal quantum n from the ground state to n = 18.
The theory results are shown as crosses in the figure (the
values are presented in tables in the following sections).
In agreement with Refs. [11, 12], our results for the rela-
tive correlation corrections to the hyperfine structure for
the ground state of Cs have a larger value than for the
ground states of Rb and Fr. The relative correlation cor-
rections exhibit a strong decrease at low n and level off to
constant, non-zero values for high n. The decrease in the
correlation corrections with principal quantum number
n has been observed theoretically in several alkali-metal
atoms, see for example Refs. [10, 13, 15–17]. The ref-
erences [11, 13] provide an explanation for these trends
– that they arise due to competing factors, the electric
polarizability of the atom and the separation distance be-
tween the core and valence electron. Indeed, at large dis-
tances, the correlation potential approaches a local polar-
ization potential that involves the electric polarizability
of the atomic core α, Σr→∞ ≈ −α/(2r
4). The decrease
in the relative correlation potential with increase in n has
been seen previously for the lowest states, and observed
over a higher range in n, up to n = 16, more recently
in Ref. [10]. In the current work, we study the trend
up to n = 18, and present the first results for Rb across
a wide range in n. We demonstrate that for the three
atoms, FΣ tends towards constant and non-zero values
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FIG. 6. Relative correlation corrections FΣ for ns states
of 87Rb, 133Cs, and 211Fr. All-order many-body results are
shown as crosses, values extracted from measurements (see
Tables in the following sections) are shown as circles with er-
ror bars, and the dashed lines correspond to least squares fits
to the measured data. Uncertainties from the choice of nu-
clear magnetic moments and Bohr-Weisskopf corrections are
not included; these may be sizeable for Fr. Measured values
of hyperfine constants for 210Fr were simply rescaled using
g211I /g
210
I .
with increase in n. At n = 18, we find that the relative
correlation corrections are 5.2%, 4.5% , and −0.3% for
Rb, Cs, and Fr. Note that for Fr, this value is negative,
an interesting result that has been observed previously
for Ra+ [15], which is consistent with our Ra+ results
[10].
We have also calculated the relative correlation correc-
tions to np1/2 states up to n = 18 for Rb, Cs, and Fr.
Our results are shown in Fig. 7. It is seen that the rela-
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FIG. 7. Relative correlation corrections FΣ for np1/2 states
for 87Rb, 133Cs, and 211Fr. See caption for Fig. 6 for further
explanation. Note that for Fr there is no available data for the
QED corrections, and so these are not included in extracting
the measured values for this atom. The measured value for
Fr 8p1/2 was found by simply rescaling the hyperfine constant
of 212Fr by g211I /g
212
I .
tive correlation corrections are significantly larger for the
p1/2 states compared to the s1/2 states. This is consistent
with the results of Ref. [12], where calculations were per-
formed for the lowest-lying p1/2 states. The p1/2 states
exhibit similar behaviour to the s states for FΣ, with the
values decreasing quickly at low n as n is increased, and
leveling off to constant and non-zero values for high n.
Simple analytical arguments support the observation
that the relative correlation corrections tend towards
constant values. These are applicable for both s and
p1/2 states. The Brueckner orbitals may be written as
ϕBr = ϕ+δϕ, where δϕ =
∑
m |ϕm〉〈ϕm|Σ
(∞)|ϕ〉/(ǫ−ǫm)
and ϕ and ǫ correspond to RHF values; see Eq. (3). The
correlation correction to the hyperfine constant A may
then be expressed as ∆A ∝ 〈ϕ|hhfs|δϕ〉 + 〈δϕ|hhfs|ϕ〉.
We will proceed by considering the simple case where
the sum is dominated by a single term where ǫ ≈ ǫm. It
is known that 〈ϕ|hhfs|ϕ〉 ∝ 1/ν
3 [1], where ν is the effec-
tive principal quantum number, and the energy interval
may be approximated as 1/ν2 − 1/ν2m ∝ 1/ν
3 for large
ν (since ν ≈ νm and the difference between the two is
approximately a constant). Finally, 〈ϕ|Σ(∞)|ϕ〉 is sim-
ply the correlation correction to the energy, which also
scales as 1/ν3. Using these scalings, it is then seen that
∆A ∝ 1/ν3. Therefore, the relative correlation correc-
tion tends towards a constant for high n.
B. Experiment
In this section we look at the trends in the relative
correlation corrections derived from experiment and we
use the combination of our calculations with these exper-
imental results to make high-accuracy predictions for the
hyperfine constants.
TABLE I. AMBµ/µN for s and p1/2 states of
87Rb, 133Cs,
and 211Fr as calculated at the RHF and RPA levels. Bohr-
Weisskopf and QED radiative corrections are not included.
Units: MHz.
87Rb 133Cs 211Fr
RHF RPA RHF RPA RHF RPA
5s 2183 2644
6s 583.1 704.7 1434 1728
7s 238.8 288.5 393.9 474.0 5929 7040
8s 120.6 145.6 164.5 197.8 1520 1802
9s 69.24 83.59 84.11 101.1 624.0 739.5
10s 43.37 52.35 48.71 58.53 316.8 375.3
11s 28.95 34.94 30.70 36.89 182.7 216.5
12s 20.27 24.47 20.59 24.74 114.9 136.1
5p1/2 236.8 299.6
6p1/2 83.21 104.6 161.0 201.6
7p1/2 38.60 48.41 57.65 71.64 628.2 777.2
8p1/2 20.97 26.27 27.09 33.57 222.9 273.8
9p1/2 12.64 15.82 14.85 18.38 104.4 127.9
10p1/2 8.192 10.25 9.002 11.13 57.13 69.90
11p1/2 5.610 7.018 5.863 7.248 34.61 42.31
12p1/2 4.008 5.013 4.030 4.980 22.53 27.53
For 133Cs, hyperfine constants have been measured for
s states up to n = 17, and there are data for several p1/2
states. There are also a number of measurements of the
hyperfine constants for 87Rb, for s states up to n = 11
and for several p1/2 states. For Fr, the data is more
limited. Measurements include the hyperfine constants
for 7s and 7p1/2 states of
211Fr [29], the 8s and 9s states
of the isotope 210Fr, and the 8p1/2 state of
212Fr. The
relevant measured data for 133Cs, 87Rb and 210,212Fr are
presented in the following sections.
In Figures 6 and 7 we present these measured hyperfine
constants as relative correlation corrections FΣ along-
side our theory values. Indeed, it is possible to derive
these relative corrections from the measured data using
Eq. (12). These corrections are defined by what remains
beyond our mean-field results, in this case our RPA val-
ues. They are found by subtracting ARPA, which include
the nuclear magnetic moment and the Bohr-Weisskopf
and QED radiative corrections. For reference, and illus-
tration of the procedure, we present the results of our
calculations at the RHF and RPA levels (without Bohr-
Weisskopf or QED corrections) for the states up to n = 12
in Table I. This data, along with the values for FBW and
FQED presented in Table II, are used to determine ARPA
according to Eq. (4).
The Bohr-Weisskopf corrections, FBW, and QED ra-
diative corrections, FQED, are presented in Table II.
The Bohr-Weisskopf results were obtained in the single-
particle model at the RPA level [9, 10]. The results for
87Rb and 211Fr p1/2 states were found in the current
7work. For the QED radiative corrections, FQED, we use
the results of Refs [9, 22]. The QED correction for the
p1/2 state of Fr has not been determined.
The relative correlation corrections may be extracted
from measured data for the hyperfine constants as fol-
lows. The measured hyperfine constant for Cs 9s is
Aexp = 109.93(9)MHz [31]. Our theory result at the
RPA level is AMBµ/µN = 101.09 MHz, and from the
data in Table II for FBW and FQED, we obtain ARPA =
100.50MHz using Eq. (4). The relative correlation cor-
rection for Cs 9s is then found from Eq. (12), giving
FΣ = 9.39(9)%.
It is seen from Figs. 6 and 7 that our calculated FΣ
has generally excellent agreement with experiment for the
considered s and p1/2 states. The agreement is particu-
larly good for the ground states of Rb and Cs and the p1/2
states of Rb. Note that the error bars for FΣ only include
the uncertainties associated with the measured hyperfine
constants, and they do not include uncertainties associ-
ated with extracting the relative correlation corrections,
such as from the nuclear magnetic moment. The nuclear
magnetic moment of Fr in particular has a very large un-
certainty (2%), which may explain the difference in the
results between theory and experiment.
The smooth dependence of the relative correlation cor-
rections on principal quantum number is supported by
the measured values. This allows us to make highly ac-
curate predictions of the hyperfine constants, as imple-
mented in the following section.
VI. PREDICTIONS
While there is a known trend of 1/ν3 for the hyper-
fine constants, more accurate predictions may be found
by taking advantage of the observed trend in the rela-
tive correlation corrections. We do this using two meth-
ods: by fitting the available experimental data to the
theoretically-motivated trend in the relative correlation
corrections, and by using the ratio method, as developed
in Ref. [10]. We note that the observed trends, from the-
TABLE II. Relative Bohr-Weisskopf corrections, FBW, in the
nuclear single-particle model at the RPA level and relative
QED radiative corrections, FQED, in the core-Hartree approx-
imation for the lowest s and p1/2 states of
87Rb, 133Cs, and
211Fr. The values for FBW for p1/2 states of
87Rb and 211Fr
are results of the current work.
µ [30] FBW FQED
s p1/2 s [9] p1/2 [22]
87Rb 2.751818(2) -1.20a 0.0098 -1.039 -0.023
133Cs 2.582025(3) -0.898b -0.056b -1.638 -0.096
211Fr 4.00(8) -5.6a -1.69 -2.59 -
a Reference [9]
b Reference [10]
ory and experiment, align most strongly for the excited
states, and so the ground state is to be treated sepa-
rately (accurate calculations of the ground state hyper-
fine splitting for these atoms have been presented recently
in Ref. [9]).
A. Fit method
We fit the function a(n− b)−c + d to the relative cor-
relation corrections (FΣ) using weighted least squares,
where n is the principal quantum number and a, b, c and
d are the fitting parameters. First, the parameters b and
c are fixed by fitting the function to the theoretical FΣ
values [(n − b) > 1 may be thought of as an effective
principal quantum number, and c ≃ 1 determines the de-
gree of the relative correlation trend]. Then, the a and
d parameters are fitted to the FΣ values derived from
experimental A values; fitting these terms to the exper-
imental data accounts for small errors in the calculated
correlation corrections. This method allows us to make
accurate predictions using the fit when only few experi-
mental values are known. We stress that we always ex-
clude the experimental value for the state we are making
the prediction for from the fit.
Using this method we predict the hyperfine constants
up to n = 17. These are presented for Rb and Cs in
Tables III and IV, respectively, wherever the experimen-
tal uncertainty drops below 0.1% and where measured
values are currently unavailable. We estimate the uncer-
tainties in the predicted values from the uncertainties in
the fit parameters; the fit is mostly sensitive to the b and
c parameters (determined from the fit to theory), and it
is these which typically dominate the uncertainty. Our
predictions from the fit method all lie well within the
experimental error bars.
We note that investigating the measured hyperfine con-
stants in terms of this trend allows us to identify in-
stances where the midpoint of an experimental value de-
viates significantly from the observed trend. For exam-
ple, in Fig. 6 it may be seen that FΣ derived from the
Rb 9s measurement lies above the trend in the Rb s
states (this measurement also has a relatively large un-
certainty compared to the other measurements). Using
the fit method, we predict the hyperfine constant to be
A9s = 90.38(36)MHz, in comparison to the experimen-
tal measurement of Aexp9s = 90.9(8)MHz. Similarly, the
experimental FΣ for Cs 10s and 15s also lie above the
trend in Fig. 6. Here, we predict A10s = 62.99(24)MHz
and A15s = 10.05(5)MHz compared to the experimental
data Aexp10s = 63.2(3)MHz and A
exp
15s = 10.1(1)MHz.
B. Ratio method
We also apply the ratio method to make highly accu-
rate predictions of the hyperfine constants for Rb and
Cs, presented in Tables III and IV. Using the ratio
8TABLE III. Rb hyperfine constants A (in MHz) given by theory and experiment, as well as the predictions from the fit and
ratio methods.
ns np1/2
n Theory Exp [32] Fit Ratio Theory Exp [32] Fit Ratio
5 3401.8 3417.341. . . - - 410.06 406.2(8) - -
6 800.78 807.66(8)a - 807.27(61) 132.77 132.56(3) - 132.60(14)
7 317.19 319.759(28)b - 319.92(24) 59.996 59.92(9) 59.96(11) 59.90(4)
8 157.62 159.2(15) 158.92(65) 158.94(17) 32.138 32.12(11) 32.15(9) 32.09(4)
9 89.662 90.9(8) 90.38(36) 90.41(10) 19.207 - 19.21(6) 19.18(3)
10 55.821 56.27(12) 56.26(22) 56.29(4) 12.383 - 12.39(5) 12.36(2)
11 37.092 37.4(3) 37.38(14) 37.40(3) 8.4453 - 8.45(4) 8.432(17)
12 25.891 - 26.23(17) 26.11(2) 6.0101 - 6.01(3) 6.001(18)
13 18.782 - 19.03(12) 18.94(2) 4.4295 - 4.43(2) 4.422(16)
14 14.055 - 14.24(9) 14.17(1) 3.3577 - 3.36(2) 3.352(14)
15 10.791 - 10.93(7) 10.88(1) 2.6055 - 2.61(1) 2.601(12)
16 8.4646 - 8.57(6) 8.535(6) 2.0623 - 2.06(1) 2.059(10)
17 6.7616 - 6.85(4) 6.818(5) 1.6599 - 1.66(1) 1.657(9)
a Reference [25]
b Reference [33]
TABLE IV. Cs hyperfine constants A (in MHz) given by theory and experiment, as well as the predictions from the fit and
ratio methods.
ns np1/2
n Theory Exp [32] Fit Ratio Theory Exp [32] Fit Ratio
6 2293.3 2298.157. . . - - 294.96 291.9309(12)e - -
7 541.65 545.818(16)a - 545.67(40) 95.015 94.40(5)f - 94.49(26)
8 217.51 219.125(4)b - 219.18(16) 43.209 42.97(10) 42.95(9) 42.93(7)
9 109.10 109.93(9)c 109.98(44) 109.92(8) 23.276 23.19(15) 23.16(7) 23.13(4)
10 62.505 63.2(3) 62.99(24) 62.98(6) 13.968 13.9(2) 13.91(5) 13.88(4)
11 39.126 39.4(2) 39.42(15) 39.42(3) 9.0343 - 9.00(4) 8.976(46)
12 26.106 26.31(10) 26.30(10) 26.30(2) 6.1785 - 6.15(3) 6.139(35)
13 18.281 18.40(11) 18.42(8) 18.42(1) 4.4106 - 4.39(2) 4.382(27)
14 13.297 13.41(12) 13.40(7) 13.40(1) 3.258 - 3.25(2) 3.237(21)
15 9.9725 10.1(1)d 10.05(5) 10.05(1) 2.4745 - 2.47(1) 2.458(16)
16 7.6705 7.73(5)d 7.73(5) 7.728(9) 1.9234 - 1.92(1) 1.911(13)
17 6.0261 6.06(10)d 6.07(4) 6.072(8) 1.5246 - 1.52(1) 1.515(10)
a Reference [34]
b Reference [35]
c Reference [31]
d Reference [36]
e Reference [37]
f Reference [38]
method [10], a value for the hyperfine constant An for
a state n can be expressed as
An = A
th
n
(
Aexpm /A
th
m
)
, (13)
[see Eq. (4)] where Aexpm is a measured hyperfine constant
for some other state of the same angular momentum (typ-
ically taken as an excited state). Note that the calculated
A values can be expressed as Athn = An(1+δn), where An
is the “exact” hyperfine constant, and δn is the relative
deviation. The ratio method may be used to either iso-
late the uncertainty for one state, when the other state
can be modelled significantly better, or it may be used to
make high-accuracy predictions when δn are comparable
in magnitude and of the same sign (or small). When cor-
relations are taken into account as described above, we
find the value for δn to be the same for all n to a very
good approximation, and therefore cancels in the ratio
(13); this is particularly true for the excited states, where
9TABLE V. Fr hyperfine constants A (in MHz) given by ex-
periment and theory, and predictions using the ratio method.
Calculations were carried out for 211Fr. Measured data for
higher states are available for 210,212Fr. We use the ratio
method to predict A values for the higher states of these iso-
topes only. Columns are for different isotopes and should not
be compared directly. Nuclear and QED contributions can-
cel in the ratio (13), so the results are independent of which
isotope is used for the theory part.
211Fr 210Fr 212Fr
n Theory Exp Ratio Exp Ratio
ns np1/2 ns np1/2
7 8886.4 1185.5 7195.1(4)a 1192.0(2)b
8 1930.8 367.9 1577.8(11)c 1574 373.0(1)a
9 763.5 164.7 622.3(3)d 624 167
10 380.4 88.08 310 89.3
11 217.2 52.63 177 53.4
12 135.6 33.96 111 34.4
a Reference [39]
b Reference [29]
c Reference [40]
d Reference [17]
the relative correlation corrections are smaller. The ra-
tio method thereby leads to very accurate predictions for
hyperfine constants, so long as correlation effects are suf-
ficiently taken into account, and there is at least one ex-
perimental value available of high accuracy [10]. Since
the ratio method works best when projecting from the
excited states (as opposed to the ground state), we use
the measurements from the lowest excited states that
have the smallest uncertainties to make predictions for
the higher states. For example, for Cs, we use both the
Aexp7s and A
exp
8s experimental results to perform the pre-
dictions for the n ≥ 9s states. As a consistency check,
we also use the experimental hyperfine constant Aexp7s to
predict A8s, and A
exp
8s to predict A7s.
The leading source of uncertainty in the ratio method
comes from errors in the inexact cancellation of the δn
factors. To this end, we calculate δn corresponding to
our calculated A values for each state using the available
experimental values. The variance in the observed δn val-
ues is used to estimate the uncertainty in the predicted A
values. Typically, the uncertainty in the resulting A val-
ues is better than 0.1%. The uncertainty increases for the
more highly excited states, where the exact cancellation
of the δn terms is less certain.
The resulting predicted values up to n = 17 are pre-
sented for Rb and Cs in Tables III and IV, respectively.
We make predictions for states where experimental data
is available as a test for the method. Note that the agree-
ment with experiment in these cases is excellent, better
than 0.05% for most states. We also present results for
the first few excited states of Fr in Table V. With less
experimental data, the uncertainty is more difficult to
control, however, we expect these predictions to be accu-
rate to the ≈ 0.5% level.
VII. SUMMARY AND CONCLUSIONS
Accurate knowledge of hyperfine constants for excited
states is important for extracting nuclear properties, such
as nuclear magnetic moments. As atomic theory preci-
sion increases, this will extend to the Bohr-Weisskopf ef-
fect and radiative quantum electrodynamics effects that
become sizeable in the strong electric field near the nu-
cleus. Thereby, such investigations play a significant role
for testing nuclear physics models, and models for includ-
ing radiative QED effects into atomic structure calcula-
tions. Further, the comparison of high-precision atomic
structure calculations for hyperfine constants with mea-
sured values gives an important handle for understanding
the accuracy of calculated wavefunctions on very small
distance scales. This is particularly important, for exam-
ple, in studies of atomic parity violation.
With these motivations, we have investigated the
trends in the correlation corrections for the hyperfine
constants across principal quantum number n. We have
shown that these corrections tend towards constant, non-
zero values for high states. Our calculations were per-
formed for Rb, Cs, and Fr for the ground states up
to n = 18 for s and p1/2 states. Our results are sup-
ported by measured values for Cs and Rb, and we have
demonstrated that the smooth dependence of the relative
correlation corrections on n allows one to make highly-
accurate predictions for the hyperfine constants. We have
used two methods to make these predictions – a least-
squares fit to measured values, and the ratio method –
and have obtained values for the hyperfine constants for
excited states of Rb and Cs with uncertainties of about
0.1% or better.
VIII. ACKNOWLEDGMENTS
We are grateful to M. Kozlov and V. Dzuba for useful
discussions. This work was supported by the Australian
Government through an Australian Research Council Fu-
ture Fellowship, Project No. FT170100452.
[1] I. I. Sobelman, Atomic Spectra and Radiative Transitions
(Springer, 1996).
[2] J. S. M. Ginges and V. V. Flambaum,
Phys. Rep. 397, 63 (2004).
10
[3] M. S. Safronova, D. Budker, D. DeMille, D. F. J.
Kimball, A. Derevianko, and C. W. Clark,
Rev. Mod. Phys. 90, 025008 (2018).
[4] V. A. Dzuba, V. V. Flambaum, and J. S. M. Ginges,
Phys. Rev. D 66, 076013 (2002).
[5] S. G. Porsev, K. Beloy, and A. Derevianko,
Phys. Rev. Lett. 102, 181601 (2009).
[6] V. A. Dzuba, V. V. Flambaum, and B. Roberts,
Phys. Rev. A 86, 062512 (2012).
[7] G. Toh, A. Damitz, C. E. Tanner, W. R. Johnson, and
D. S. Elliott, arXiv:1905.02768 (2019).
[8] E. Go´mez, L. A. Orozco, and G. D. Sprouse,
Rep. Prog. Phys. 69, 79 (2006).
[9] J. S. M. Ginges, A. V. Volotka, and S. Fritzsche,
Phys. Rev. A 96, 062502 (2017).
[10] J. S. M. Ginges and A. V. Volotka,
Phys. Rev. A 98, 032504 (2018).
[11] M. Vajed-Samii, J. Andriessen, B. P. Das, S. N. Ray,
T. Lee, and T. P. Das, J. Phys. B 15, L379 (1982).
[12] J.-L. Heully and A.-M. Ma˚rtensson-Pendrill,
Phys. Scr. 31, 169 (1985).
[13] M. Vajed-Samii, S. N. Ray, T. P. Das, and J. Andriessen,
Phys. Rev. A 24, 1204 (1981).
[14] J.-L. Heully and S. Salomonson,
J. Phys. B 15, 4093 (1982).
[15] A. Owusu, R. W. Dougherty, G. Gowri, T. P. Das, and
J. Andriessen, Phys. Rev. A 56, 305 (1997).
[16] B. K. Sahoo, D. K. Nandy, B. P. Das, and Y. Sakemi,
Phys. Rev. A 91, 042507 (2015).
[17] E. Go´mez, S. Aubin, L. A. Orozco, G. D. Sprouse,
E. Iskrenova-Tchoukova, and M. S. Safronova,
Phys. Rev. Lett. 100, 172502 (2008).
[18] Y.-B. Tang, B.-Q. Lou, and T.-Y. Shi,
J. Phys. B 52, 055002 (2019).
[19] W. R. Johnson, Atomic structure theory (Springer, 2007).
[20] I. Angeli and K. P. Marinova,
At. Data Nucl. Data Tables 99, 69 (2013).
[21] J. Sapirstein and K. T. Cheng,
Phys. Rev. A 67, 022512 (2003).
[22] J. Sapirstein and K. T. Cheng,
Phys. Rev. A 74, 042513 (2006).
[23] J. Sapirstein and K. T. Cheng,
Phys. Rev. A 78, 022515 (2008).
[24] A. V. Volotka, D. A. Glazov, I. I. Tupitsyn,
N. S. Oreshkina, G. Plunien, and V. M. Shabaev,
Phys. Rev. A 78, 062507 (2008).
[25] A. P. Galva´n, Y. Zhao, L. Orozco, E. Go´mez,
A. Lange, F. Baumer, and G. Sprouse,
Phys. Lett. B 655, 114 (2007).
[26] V. A. Dzuba, V. V. Flambaum, P. G. Silvestrov, and
O. P. Sushkov, J. Phys. B 20, 1399 (1987).
[27] V. Dzuba, V. Flambaum, P. Silverstrov, and O. Sushkov,
Phys. Lett. A 131, 461 (1988).
[28] V. A. Dzuba, Phys. Rev. A 78, 042502 (2008).
[29] J. S. Grossman, L. A. Orozco, M. R. Pearson,
J. E. Simsarian, G. D. Sprouse, and W. Z. Zhao,
Phys. Rev. Lett. 83, 935 (1999).
[30] N. J. Stone, At. Data Nucl. Data Tables 90, 75 (2005).
[31] J. E. Stalnaker, V. Mbele, V. Gerginov, T. M. Fortier,
S. A. Diddams, L. Hollberg, and C. E. Tanner,
Phys. Rev. A 81, 043840 (2010).
[32] E. Arimondo, M. Inguscio, and P. Violino,
Rev. Mod. Phys. 49, 31 (1977).
[33] H.-C. Chui, M.-S. Ko, Y.-W. Liu, J.-T. Shy, J.-L. Peng,
and H. Ahn, Opt. Lett. 30, 842 (2005).
[34] G. Yang, J. Wang, B. Yang, and J. Wang,
Laser Phys. Lett. 13, 085702 (2016).
[35] P. Fendel, S. D. Bergeson, T. Udem, and T. W. Ha¨nsch,
Opt. Lett. 32, 701 (2007).
[36] J. Farley, P. Tsekeris, and R. Gupta,
Phys. Rev. A 15, 1530 (1977).
[37] V. Gerginov, K. Calkins, C. E. Tanner, J. J. Mc-
Ferran, S. Diddams, A. Bartels, and L. Hollberg,
Phys. Rev. A 73, 032504 (2006).
[38] W. D. Williams, M. T. Herd, and W. B. Hawkins,
Laser Phys. Lett. 15, 095702 (2018).
[39] J. E. Sansonetti, J. Phys. Chem. Ref. Data 36, 497 (2007).
[40] J. E. Simsarian, W. Z. Zhao, L. A. Orozco, and G. D.
Sprouse, Phys. Rev. A 59, 195 (1999).
